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Transonic Full Potential Solutions
by an Integral Equation Method

K. S. Ravichandran,* N. L. Arora,{ and R. Singhi
Indian Institute of Technology, Kanpur, India

A hybrid computational procedure combining the integral equation method with elements of finite difference
techniques is developed to obtain two-dimensional transonic flow solutions with embedded shocks to the full
potential equation at subsonic freestream Mach numbers. Integral equations for the perturbation velocity
components are formulated in terms of an internal singularity distribution and a nonlinear field source
distribution representing compressibility effects. For supercritical flows the field source term is augmented by
the addition of an artificial viscosity term. Derivative computations are carried out on a transformed plane using
finite difference formulas and physical plane derivatives obtained using the Jacobian of the transformation. A
simple direct iteration scheme is employed for the numerical solution of the integral equations for the velocity
field. Surface pressure distributions obtained for subcritical as well as supercritical cases compare favorably with

earlier results.

1. Introduction

RANSONIC flow solutions to the full potential equation

(FPE) have been obtained by numerous researchers using
finite difference,! finite volume,* and finite-element®
techniques for a wide class of flows and body geometries.
However, although the integral equation method (IEM) is one
of the oldest methods used for calculating transonic flows, the
use of the shock-capturing field panel technique for the
computation of supercritical flows with shocks has been
restricted thus far to thin airfoils and slender bodies based on
the small-disturbance theory.®” Spreiter® has given a recent
review of the IEM as applied to small-perturbation transonic
flow computations. A few successful attempts have been
made earlier to compute full potential subcritical solutions
using the IEM by Luu et al.® and Stricker'? (the authors are
aware of the elements of the latter work only reported by
Kraus!!). Using Green’s theorem, Stricker obtains an integral
equation for the velocity potential in terms of the surface
distribution of sources and vortices and a field integral
representing the compressibility effects. A discretization
technique based on the field panel method yields the velocities
and their derivatives for each control point in terms of sum
formulas replacing the integrals. The Kutta condition is
satisfied at every iteration by setting the transverse velocity
component at the trailing edge to zero. Results obtained for
subcritical flows over a NACA 0012 airfoil agree well with
test cases given by Lock.!?

In the present work, a hybrid calculation procedure
combining the IEM with elements of the finite difference
technique is adopted to compute full potential solutions to
two-dimensional transonic flows over airfoils with large
embedded supersonic regions and comparatively strong
shocks.

The present approach differs from Stricker’s in the sense
that 1) the singularities, instead of being distributed on the
surface, are distributed internally along the mean line of the
airfoil as was done by Basu!? for incompressible flows; and 2)
the derivatives are calculated using finite difference formulas,
thus enabling the introduction of artificial viscosity and
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upwind differencing for the computation of supercritical
flows. For comparable accuracy, the use of internal
singularities involves fewer unknowns as compared to the
surface singularity model. This leads to a very substantial
reduction in the memory requirements for implementing the
IEM for compressible full potential calculations because the
IEM requires a large number of influence coefficients to be
calculated and stored. Also, the use of internal singularities
does away with the need for surface paneling so that the
tangency boundary condition on the body surface is satisfied
more accurately. .

For compressible flow computations, a field source
distribution, which is a function of the velocities and their
derivatives, is involved in addition to. the internal
singularities. The velocity derivatives could be obtained
directly on the physical plane using a Cartesian mesh, but for
reasons discussed in Sec. III, a body-conforming mesh is
preferred. The mesh is generated by a sequence of coordinate
transformations given by Mercer et al.!* The derivative
calculations are carried out on the transformed plane and the
physical plane derivatives are obtained using the Jacobian of
the transformation.

The field source distribution is computed at each step of an
iterative procedure, resulting in additional induced velocities
that disturb the tangency boundary condition on the body
surface. The internal singularity distribution is accordingly
redetermined at every iteration in order to satisfy the tangency
boundary condition. The nonlinear problem thus reduces at
every iteration to a Poisson one.

For supercritical flows with embedded shocks at subsonic
freestream Mach numbers, the field source term is augmented
by an artificial viscosity term in the supersonic region to
exclude expansion discontinuities and to replace compression
shocks by continuous narrow regions of large velocity
gradients. The artificial viscosity term is modeled after
Jameson’s rotated difference scheme!® to insure the correct
domain of dependence for flows with large embedded
SUpersonic zones.

Calculations have been carried out for two test airfoils
NACA 0012 and NACA 64A410 at subcritical and super-
critical Mach numbers. The results are comapred with those
obtained by other methods.

II. Problem Formulation
The Inviscid Equations

A 'Cartesian coordinate system with origin at the leading
edge and x axis aligned with the chord of the airfoil is selected.
Steady, inviscid, irrotational, compressible, two-dimensional
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flow past arbitrary bodies is completely described by the
equation of continuity

9 o+ (p2,) =0 a
9 P aypy— )

and the energy equation
A+ [(yv=1/21F =1/ML+(y=1)/2 )

where @ is the velocity potential, Q the fluid speed, ¢ the local
speed of sound, p the density, M, the freestream Mach
number, and v the ratio of specific heats.

It is convenient to work in terms of the perturbation
potential. The total potential can then be expressed as

®=xcosa + ysina+ ¢ €))

where ¢ is the perturbation potential and « the angle of at-
tack. The speed is given by

0? = (cosa+u)? + (sina+v)? 4)

where 1 and v are the perturbation components. Equations (1)
and (2) must be supplemented by the isentropic relations be-
tween the pressure, density, and speed of sound
p=p", M2, =p7! ®
In Egs. (1-5) all velocities have been referred to the
freestream velocity, while the pressure and density are
referred to their respective freestream values. In terms of the
perturbation potential, Eq. (1) together with Eqgs. (2) and (5)
" yields the quasilinear equation

09 (QZ )=
¢xx+¢yy'—' (,‘2 as 2 _g (6)

where d/3s denotes the derivative along a streamline.
If the airfoil shape is prescribed as y=F(x), 0<x=<1, the

tangency condition can be expressed in terms of the per-
turbation velocity components as

v—F’ (x)u=cosaF'(x) —sina on y=F(x) @)
The far-field condition is expressed as
w,v—0 as (¥’ +y?)" —oo ®)

In addition, the Kutta condition of smooth flow must be
satisfied at the trailing edge for a unique solution.

Artificial Viscosity

For purely subcritical flows, Egs. (2-8) together with the
Kutta condition uniquely determines the solution for the flow
past an airfoil. When the flow becomes supercritical, shocks
may appear in the solution and the directional property
corresponding to the entropy inequality must be introduced in
order to exclude expansion shocks and capture only com-
pression shocks. For the treatment of flows with large
supersonic zones, the direction of upwind differencing is not
known in advance. Following Jameson,!s this difficulty is
overcome by the introduction of an auxiliary coordinate
system that is locally aligned with the flow direction. If s and
n represent the streamwise and normal directions, respec-
tively, then Eq. (6) can be written as

(02—Q2)¢55+c2¢'nn=0 (9)

TRANSONIC FULL POTENTIAL SOLUTIONS BY AN INTEGRAL 883

Now upwind differencing of & at supersonic points has the
correct domain of dependence and results in an artificial
viscosity

T=- Asl"Q2¢sss 10
where p is the switching function defined by
p=max{0,[1—{(c?/Q%) 1}

For the integral equation formulation, an artificial viscosity
term corresponding to Eq. (10) may be explicitly added to the
field source term. Since the mass continuity equation is
equivalent to multiplying Eq. (6) by p/c?, the conservation
form of the artificial viscosity term may be approximated as

o dfebeb@)]

With the addition of artificial viscosity, the field source
term

g=g+T (12)

replaces g in Eq. (6).

Since the inviscid term in Eq. (12) is not in conservation
form, whereas T'is, solutions to Eq. (6) with g given by Eq. (8)
may be termed as quasiconservative. Further, note that since
the field source term in Eq. (6) can also be expressed as
—(Q/p)(0p/0s), artificial compressibility may be easily in-
troduced by replacing the density p with a modified density

p.'¢ In the present paper, however, results of computations
using only artificial viscosity will be presented.

The Integral Equation

The equation for the perturbation potential ¢ may be
regarded as a Poisson equation with the nonlinear term g
acting as a field source distribution. The solution for ¢ may
therefore be expressed as the sum of a general solution
satisfying the homogeneous equation and a particular
solution.

Since the general solution satisfies the Laplace equation, it
can be built up by a suitable distribution of singularities. See
Fig. 1. For two-dimensional lifting flows, a combination of
source and vortex distributions may be assumed on the airfoil
surface (surface singularities) or on the mean line (internal
singularities). Adopting the latter model, the potential in-
duced at a field point (x,y) may be expressed as the sum of the
potentials induced by the internal singularities and the field
source g. Therefore,

8063 = | K, [x— &=y (§) 116y (£ 168
K==y (B 1 87, (8108

] K—gr-maemdeay 13)

In Eq. (13), o and v represent the source and vortex
distributions, respectively, along curve C, which denotes the
mean line y=y,,(x). The kernels K, and K, are those for a
two-dimensional source and vortex, respectively, and are
given by

1
K. (x—&y—n) =§;rﬂn[(x—£)2+ r-m?1%

.y Y=

x—§
and D denotes the entire x-y plane, excluding the area en-
closed by the airfoil.

1
KU (X—f:y—ﬂ) = —tan
27
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Fig. 1 Singularity model for airfoil in compressible flow and
location of the collocation points.

The integral equations for the perturbation velocity
components may be obtained by differentiating Eq. (13) with
respect to x and y. Adopting the functional notation for
brevity,

¢(X,J') ZJC(KS’KU)
u(x,y) =3 (K. K,) (14
v(x%y) =3 (K,K,,) (135)

Equations (14) and (15) represent a system of two
simultaneous nonlinear integral equations for # and v that
must be solved subject to the boundary conditions [Eqs. (7)
and (8)] and the Kutta condition. It is easily seen that the far-
field condition is implicitly satisfied by Egs. (14) and (15) if,
for the field integral, we make appropriate assumptions about
the asymptotic behavior of g.

III. Numerical Solution
Grid Generation

It is possible to discretize the system of Egs. (7), (14), and
(15) on the physical plane using rectangular panels with sides
parallel to the coordinate axes. The drawback of this
procedure is that the special care necessary to cluster the mesh
cells in the leading edge region makes the grid construction
airfoil dependent and complicates input data specification.
Moreover, such a mesh leads to uneconomic storage and
inefficient coding, especially for lifting flows. A curvilinear
grid generated through well-defined analytical/numerical
transformations does away with these difficulties. Thus, the
following sequence of transformations is defined to construct
the transformed »-0 plane from the physical plane!*:

X=x—r, y=y (16a)
s+it=cosh=1(1—2e**V) (16b)
y=s =1/t pper (16¢)

where r, is the leading-edge radius for round-nosed airfoils or
a small positive value for sharp-nosed airfoils. The last
transformation yields a rectangular domain in which the
upper and lower surfaces of the airfoils are stretched into =1
lines on either side of the § axis. The upstream infinity maps
onto the origin of the -0 plane. The downstream infinities of
the upper and lower surface wakes on the physical plane
correspond, respectively, to the negative and positive in-
finities of the » axis.

The rectangular domain on the »-8 plane is divided into
smaller rectangular cells (Fig. 2). This rectangular grid is now
mapped back to the physical plane, yielding constant »-0 lines
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Fig.2 Grid generation through coordinate transformations.

that constitute the curvilinear grid on the latter plane (Fig. 3).
All of the derivatives are computed on the »-6 plane by finite
differences and derivatives on the physical plane are obtained
using the Jacobian of the transformation, according to the

formula
J[a a]r_[a a]r 17
av’ 301 — Lax’ay (7

where J, the Jacobian, is given by

dv Oy

ax 3y
J=

a0 96

ax 3y

Discretization

Equations (14) and (15) will now be discretized by replacing
the integrals with sums and derivatives by finite differences.
Figure 1 shows the discretization of the mean line and the
location of the collocation points on the airfoil surface. A
small gap 6 is maintained between the leading edge of the
airfoil and the segment of the chord nearest to it to avoid
infinite velocities near the leading edge. The interval
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Fig. 3 Section of the grid on the physical plane.

X, =<x=<xp denotes the anticipated extent of the supersonic
zone for a supercritical case.

On each element of the discretized mean line, the source
strength is assumed to be uniform, while the vorticity is
assumed to have a linear variation. Following Basu,”® two
point sources are placed at either end of the mean line element
nearest to the leading edge, while one point vortex is placed at
the midpoint of the same element (Fig. 1). Expressions for the
influence coefficients of the internal singularities may be
found in Ref. 13 and will not be given here for reasons of
space.

When the mean line is divided into N segments, we have
2N+ 4 unknown singularity strengths to be determined. This
implies that the tangency condition must be satisfied at 2N+ 3
collocation points, yielding as many equations, with the
remaining equation necessary for a unique solution obtained
from the Kutta condition, which in the present method is
satisfied by setting the vorticity strength to zero at the trailing
edge.

In a particular calculation the value of Nis initially fixed. If
N,, denotes the number of points chosen beyond the trailing
edge and if index i runs from 1 to » and index J from 1 to m,
the total number of field panels is given by
nxm=2m(N+N,)+3m.

The field integrals in Eq. (15) may now be replaced by
summations. In each cell formed by the intersection of
constant » and 6 lines on the physical plane, all of the flow
variables are considered to be uniform. Each cell is ap-
proximated by a quadrilateral and its influence coefficient at
every field point is evaluated analytically following a method
outlined by Hess.!?

Denoting with subscript 7 the velocities induced by the
internal singularities and with subscript F those due to the
field sources, the discretized equations may be written as

u=u;+ur (18)
v=v;+vp (19)

N+2 N+2
U (ny) = Y, a (xy)op+ Y, ¢k () v (20)
k=1 k=1
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N+2 N+2
v (y)= Y, B () o+ Y, d*(6y) vk @1
k=1 k=1
up(6y) =Y, Y e () éu 2)
1 k
vp () = 3 Y (6y) Eu 23)
1 k

where a, b, ¢, and d denote the influence coefficients for the
internal singularities, while e and f denote those for the field
sources. Note that the contributions from the point sources
and the point vortex have been absorbed in the vectors o and
7, respectively.

Inserting Eqs. (18) and (19) in Eq. (7), we obtain the
following equation for the tangency boundary condition,

v, —F (x)u;=F'"(x)cosa—sina+F' (X)up—vp
on y=F(x) (24)

In matrix form, Eq. (24) is written as

Ciu Lo} v} 1T =IN1T+ ;17 25

where
N;=F"'(x;)cosc —sina (26)
hi=F" (x;Yup(X,y;) —vp(XpY;) @n

and (x;,y;) denote the collocation points on the airfoil surface.

The vector A; arises because of the presence of the nonlinear
term. Setting h; =0 gives the solution for incompressible flow.
The matrix C, embodying the tangency boundary condition
on the airfoil surface, remains fixed throughout the iterative
procedure.

Calculation of ¢
The field source term [Eq. (12)] consists of an inviscid
term and an artificial viscosity term. The inviscid part may be
evaluated as
Q8 /Q°\ U 14
g=5o (7 >=? U+ Vo) + (U, +Vo,) - (28)

Now if u, and u, are known, using the governing equation
and the irrotationality condition,

v,=¢g% —u, and v, =u, 29)

The derivatives of » are computed on the »-§ plane using
second-order central differences at interior points and one-
sided differences at boundary points. The physical plane
derivatives are obtained using Eqs. (17).

For the artificial viscosity term, assuming that the
streamlines do not deviate much from the » coordinate lines in
the supersonic regions for the airfoils to be considered, one
may use upwind differencing directly on the physical plane.
Hence,

T;=G;—G;,;; ontheupper surface
=G,; —G;_,; onthelower surface B0

where
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Fig. 4 Effect of neglecting nonlinear contribution vy to the v
component of velocity.

In actual calculations, the artificial viscosity calculated
from Eq. (30) was found to produce too little dissipation to
achieve convergence of strong supercritical flows. Hence, the
switching function u in Eq. (30) is replaced by Ay, where A=1
is an artificial viscosity parameter. A provides a simple means
of controlling the magnitude of dissipation for a given case
and hence the stability of the iteration scheme.

For j=1, the velocities computed using Eqs. (18) and (19)
give the surface values because the influence coefficients of
the field panels adjacent to the body surface represent induced
velocities at the collocation points located on the surface of
the airfoil. These are required for satisfying the tangency
boundary condition. The representative field strength g for
each of these source panels is computed from the velocities
and their derivatives at the collocation points and represents
the values at points located at the edge of the panel rather than
in the interior, as is the case for panels j=2 (see Fig. 3).
Actual calculations show that good comparison with the finite
difference conservative results is achieved with such an ap-
proximation for g.

Iterative Procedure

A simple direct iteration scheme is used to solve Eqs. (18)
and (19) for the unknown velocity field. For a purely subsonic
case, the scheme represents an incompressible linear operator
that, by repeatedly acting on a nonlinear forcing term to
satisfy the surface boundary condition, produces quick
convergence in the entire flowfield in about 15 iterations or
less. For supercritical cases with the introduction of artificial
viscosity, it is found that convergence can be achieved with
the same scheme even for flowfields with fairly large em-
bedded supersonic zones, without the addition of artificial
time-dependent damping terms. However, to insure stability
of the iteration scheme for strong supercritical cases, a term
oy u, was added to the field source term g.

If the estimate g™ is available at the nth iteration, we
obtain two simple linear integral equations for the singularity
strengths ¢ and +y that are determined by satisfying the
tangency condition prescribed by Eq. (7). The field source
term is now recalculated and this procedure is repeated until
convergence is obtained in the entire flowfield. The initial
estimate of ¢ for the present calculations was obtained from
the incompressible flow solution. The convergence criterion
was specified in terms of maximum change in the value of the
field source distribution. In the following calculations, the
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Fig. 5 Subcritical pressure distribution over NACA 0012 airfoil at
incidence.

iterative procedure was terminated when 02X Ag | <0.005.

Instead of the present incompressible operator, the use of a
compressible operator was also considered. This would
probably have given a better initial estimate of g. However, its
use would have made the grid construction and hence the
influence coefficient calculation dependent upon the
freestream Mach number, necessitating their computation
whenever M, is changed.

IV. Results and Discussion

The above numerical procedure has been coded in FOR-
TRAN and run on a DEC-1090 computer. Test runs have been
carried out using a NACA 0012 airfoil for which subcritical
and supercritical results are available for comparison.
Subcritical results are compared with test cases given by
Lock!? and supercritical comparisons are made with the
quasiconservative results given in Ref, 18.

Before presenting the main results, an approximation made
in the calculation of the nonlinear contribution to the v
component of the velocity [Eq. (23)] will be discussed. In an
attempt to economize on storage requirements, it -was found
through numerical experiments that it is sufficient to calculate
this contribution for only the j=1 level on the surface. The
effect of this approximation on the surface pressure
distribution for symmetric subcritical flow past a NACA 0012
airfoil at M, =0.72 is shown in Fig. 4. It is seen that the
results obtained using the above approximation agree well
with those obtained without such an approximation and both
are in good agreement with the results of Lock.!? Although no
such tests were carried out for supercritical cases, it is believed
that for the relatively thin and low cambered airfoils for
which computations were carried out, the above ap-
proximation does not cause significant errors in the resulting
pressure distributions. All of the results that follow were
obtained incorporating the above approximation in the
computer code.

Figure 5 shows the computed pressure distribution over a
NACA 0012 airfoil for a subcritical lifting case with
M., =0.63 and a=2 deg. The results are compared with those
given by Lock.!? It is seen that the agreement between the two
results is good everywhere except for small discrepancies in
the region of the velocity peak near the leading edge. The
computed lift coefficient differs by only about 3% from the
value given by Lock. It is noted that there is a slight
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Fig. 6 Effect of A on the surface pressure distribution for a NACA
0012 airfoil.

04

NACA 0012 M,=075 a=2" A=3$ grid:51x5S
N=21 iters=133 CPUS=230 «,=1§

Ref (15) C_=0.580
o,e Present C =0.571

Fig. 7 Supercritical pressure distribution over NACA 0012 airfoil at
incidence.

discrepancy between the two results near the trailing edge.
This may be due to the fact that in Lock’s case the airfoil is
extended slightly beyond x=1.0 so as to close it, while in the
present computations no such modification to the profile was
made.

For both the above subcritical examples, converged
solutions were obtained in about 10 iterations. The lifting case
converged in about the same number of iterations as the
symmetric case. This is in contrast to other calculation
procedures where, because of the manner in which the Kutta
condition is satisfied at the trailing edge at every iteration, the
lifting case usually takes a larger number of iterations to
converge than does the symmetric case.

Figure 6 shows the effect of the artificial viscosity
parameter A on the surface pressure distribution for sym-
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Fig. 8 Supercritical pressure distributions over NACA 64A410
airfoil at different freestream Mach numbers.

metric flow past the NACA 0012 airfoil at M, =0.82 and
a=0 deg. The symbol + in front of the figure in the column
““iters’’ for A=2.6 indicates that convergence for this case was
obtained starting with the initial solution as the one obtained
for A=3.0. The figure shows that the peak velocities attained
just ahead of the shock increase as the value of N\ decreases,
whereas the shock location itself remains fixed. At A=2.4, the
incipient peaky region ahead of the shock was accompanied
by instability in the iteration scheme, which was terminated at
100 iterations. Thus, solutions differing significantly in the
shock region, but agreeing broadly elsewhere, are obtainable
depending upon the value of A chosen. Such arbitrariness
appears to be associated with other inviscid potential flow
formulations as well'® and is the result of the need to in-
troduce artificial viscosity in the numerical scheme. The
criterion adopted here for an appropriate choice of A is that,
from among a sequence of solutions for decreasing values of
A, the solution accepted does not show a peaky velocity profile
just ahead of the shock and corresponds to the lowest value of
A

Figure 7 shows an example of supercritical lifting
calculation. The computed surface pressure distribution for
the NACA 0012 airfoil at M, =0.75, a=2 deg, and A=3.5is
compared with the quasiconservative results of Bauer et al.!®
The agreement for this case is seen to be rather good, with the
calculated lift coefficient being about 2% less than its value
from finite difference calculations. Convergence for this case
could be obtained only with the use of an artificial time-
dependent term «;u, with a; =1.5. Also, attempts to obtain
converged solutions for A <3.5 for this case failed with or
without the use of the artificial time-dependent terms.

Figure 8 shows the calculated surface pressure distribution
for a NACA 64A410 airfoil at M, =0.735, 0.74, and 0.75 and
a=0 deg. The rapid increase in the extent of the supersonic
region and the strength of the shock with the increase in
freestream Mach number is clearly evident. The capability of
the present scheme to produce converged solutions for the
strong supercritical case, M, =0.75, with the supersonic
region covering nearly 70% of the airfoil chord is clearly
demonstrated. For this case, a value of «; =0.5 was also used
to obtain convergence. The maximum local Mach number
reached for this case was about 1.4. This is higher than the
generally accepted value of 1.3 as the upper limit of validity of
the weak shock assumption.
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Fig. 9 Convergence history for supercritical flow past NACA 0012
airfoil and effect of &; on convergence.

Figure 9 shows a plot of the incremental change 4% | A 2 |
against the iteration count for the test case shown in Fig. 7.
The inset plots the parameter «; against the number of
iterations required for convergence. Convergence for this case
could be achieved only in a narrow band of «; values of 1.0-
1.75.

VY. Conclusions

The integral equation method has been successfully em-
ployed to compute supercritical solutions of the two-
dimensional full potential equation satisfying exact tangency
boundary conditions. The present method combines the
influence coefficient method with elements of the finite
difference methods to achieve reduction in storage
requirements (which otherwise for the integral equation
method could be rather large) and computing time without
affecting the accuracy of the final results. For supercritical
flows, the method is able to capture reasonably sharp shocks
spread over just two to three mesh widths, whose strengths
and locations agree well with the quasiconservative results of
finite difference calculations. The present approach shows
that the use of an incompressible linear operator with the
addition of artificial viscosity to the governing equation is
sufficient to produce convergence for most cases arising in
inviscid isentropic flows with shocks. This is in contrast to the
semidirect methods based on finite differences where the use
of a Poisson-type iterative scheme without the use of artificial
time damping terms leads to divergence for even slightly
supercritical flows.'® Convergence performance of the
imethod in general has been found to be satisfactory and the
iteration counts are rather small.

The method involves the computation of a large number of
influence coefficients and their storage, although fortunately
it gives good results even with grids that are very coarse
compared to the finite difference grids. The second drawback
of the method is that, in its present formulation, it is restricted
to flows with only subsonic freestream Mach numbers. Also,
the use of the point singularities in the internal singularity
model robs the method of some of the flexibility that is
desirable in choosing the collocation points and the com-
putational grid, although for the cases so far computed, the
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model as presented here has worked satisfactorily. However,
it is prehaps desirable and possible to dispense with these
point singularities and represent the internal singularity
distributions by continuous functions.
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